An algebra over R is called absolute-valued if it is a normed space under a multiplicative norm | | ; i.e., a norm satisfying, in addition to the usual requirements, the condition \xy\ =\x\ -\y\ for any x, y m A. It is obvious that an absolute-valued algebra contains no divisors of zero.
A. A. Albert has shown [2, p. 768] that:
(*) An absolute-valued algebraic algebra with a unit element is isomorphic to either the real field R, the complex field C, the quaternion algebra Q, or the Cayley-Dickson algebra D. F. B. Wright has proved [6, p. 332 ] the same theorem for absolute-valued division algebras with a unit element. In the present note we extend this result to an arbitrary absolute-valued algebra with a unit element.
First, we shall give a simple example of an infinite dimensional algebra which is absolute-valued.
The existence of such an algebra shows that the assumption of the presence of a unit element is essential.
Let Ao be the space of all sequences x= \xn\ of real numbers with convergent series 2«-i xl-AQis a Hubert space over R with respect to the norm |x| = (2Z"-i xn)ll2< and with the usual addition and scalar multiplication : {x"} + {yn} = {xn +yn}, X {xn ) = {Xx"}. Let <j> Proof.
For every pair x, y of elements of B we have (x+y)2 -(x -y)2 = 4ry. Consequently, for |x| = |y| =1, we get the inequality An absolute-valued algebra with a unit element is isomorphic to either the real field R, the complex field C, the quaternion algebra Q, or the Cayley-Dickson algebra D.
Proof. By virtue of Albert's theorem (*), it is sufficient to show that every absolute-valued algebra A with a unit element e is algebraic. We will show that
for any x in A, which is equivalent to the inclusion A(x) C [e, x], and which consequently implies the inequality dim A(x)^2. If e and x are linearly dependent, then (5) is obvious. Let us suppose that they are linearly independent.
By Lemma 2, there exists an element xo such that (6) [e, x] = [e, xo], and such that The real field R is the unique one-dimensional absolute-valued algebra. The structure of two-dimensional absolute-valued algebras is also well-known. In particular, every two-dimensional commutative absolute-valued algebra is isomorphic to either the complex field C or to the algebra C* of all complex numbers with the usual addition and scalar multiplication, where the product of x and y is equal to xy [l; 3].
Theorem
2. If an absolute-valued algebra A contains an element a¿¿0 which commutes with every element of A and which is alternative, i.e., which satisfies the equations (9) a(ax) = a2x, (xa)a = xa2, for any x in A, then A has a unit element.
Proof. We may suppose, without loss of generality, that \a\ =1. If a2=\a, where X is in R, we may set e=X_1a, and we have e2 = X~2a2 = X_1a = e, e(ex) = X_2a(ax) = X~2a2x = e2x = ex. and such that |Xa+/iô| 2 = X2+/i2, for X, p in R. Hence we get
| b2\ = \b\2 = 1.
Since a commutes with every x in A, we have, according to (9), a2x = xa2 for any x in A. Therefore By Lemma 3, y2 -e0 = 0 and y2+e0 = 0, which implies the contradiction eo = 0. The theorem is thus proved.
Theorem 3. A commutative absolute-valued algebra is isomorphic either to the real field R, or to the complex field C, or to the algebra C*.
Proof. It is sufficient to show that every commutative absolutevalued algebra is at most two-dimensional.
Suppose dim A ^3. By Lemma 1, A is an inner-product space. There exist orthonormal elements ii, ii, i% in A. From the equalities I H -«iI = I (¿3 -*i)(í3 + ii) I ** I *» -*i| I ♦» + h\ =2, I H -ii I = I (♦» -í2)(¿3 + ii) I = I k -h I I ñ + í2 I =2, and from Lemma 3, it follows that ¿f¡+^ = 0 and i%+i% = 0. Hence ¿2 -^ = (¿1+i2) («i -¿2) =0, which implies either íi+í2 = 0 or i'i -12 = 0.
Since ii and i% are orthonormal, either is a contradiction. Hence dim A £2.
